ABSTRACT Dust lanes, nuclear rings, and nuclear spirals are typical gas structures in the inner region of barred galaxies. Their shapes and properties are linked to the physical parameters of the host galaxy. We use high-resolution hydrodynamical simulations to study 2D gas flows in simple barred galaxy models. The nuclear rings formed in our simulations can be divided into two groups: one group is nearly round and the other is highly elongated. We find that roundish rings may not form when the bar pattern speed is too high or the bulge central density is too low. We also study the periodic orbits in our galaxy models, and find that the concept of inner Lindblad resonance (ILR) may be generalized by the extent of x 2 orbits. All roundish nuclear rings in our simulations settle in the range of x 2 orbits (or ILRs). However, knowing the resonances is insufficient to pin down the exact location of these nuclear rings. We suggest that the backbone of round nuclear rings is the x 2 orbital family, i.e. round nuclear rings are allowed only in the radial range of x 2 orbits. A round nuclear ring forms exactly at the radius where the residual angular momentum of infalling gas balances the centrifugal force, which can be described by a parameter f ring measured from the rotation curve. The gravitational torque on gas in high pattern speed models is larger, leading to a smaller ring size than in the low pattern speed models. Our result may have important implications for using nuclear rings to measure the parameters of real barred galaxies with 2D gas kinematics.
INTRODUCTION
Stellar bars are the strongest disturber in the dynamical evolution of disk galaxies. They not only redistribute the stars but also have a significant impact on the interstellar medium (ISM) by introducing a non-axisymmetric gravitational torque inside the galaxy. Such a torque leads to the formation of interesting morphological substructures in the gaseous medium. Typical features include a pair of dust lanes related to shocks at the leading side of the bar (e.g., Athanassoula 1992b), a circum-nuclear star-forming ring (or nuclear ring for brevity) near the galactic center (e.g., Buta 1986; Garcia-Barreto et al. 1991; Barth et al. 1995; Maoz et al. 2001; Mazzuca et al. 2008) , and nuclear spirals inside the ring which may be a channel for gas infall to fuel the central black hole (BH) (e.g., Shlosman et al. 1990; Regan & Mulchaey 1999; Knapen et al. 2000; Díaz et al. 2003; Laurikainen et al. 2004; van de Ven & Fathi 2010; Kim et al. 2012a) .
These substructures are commonly observed in nearby barred galaxies and are studied in previous simulations (e.g., Sanders & Huntley 1976; Roberts et al. 1979; Schwarz 1981; van Albada & Roberts 1981; Buta & Combes 1996; Martini et al. 2003a,b) . They may also be used as indicators to constrain galaxy properties (e.g., Weiner & Sellwood 1999; Weiner et al. 2001; Pérez et al. 2004) .
Nuclear rings are thought to form as a result of nonlinear interactions of gas with a bar potential (e.g., Shlosman et al. 1990; Heller & Shlosman 1994; Piner et al. 1995; Knapen et al. 1995; Buta & Combes 1996; Regan & Teuben 2003; Kim et al. 2012a ). Due to the bar torque, gas readily forms dust-lane shocks at the leading side of the bar and flows inward along these dust lanes, forming a ring-like structure very close to the center. Observations show that usually nuclear rings are relatively circular in shape and have very high surface densities to trigger intense star formation (e.g., Burbidge & Burbidge 1960; Knapen et al. 2006; Mazzuca et al. 2008; Comerón et al. 2010; Mazzuca et al. 2011) . The typical surface densities of star formation rate (SFR) in nuclear rings are of order 0.1 to 1 M ⊙ kpc −2 yr −1 , which is about two orders of magnitude larger than the disk-averaged SFR densities in normal galaxies. Therefore, previous studies suggested that starburst activities occurring in nuclear rings may help to build a pseudobulge, which is part of the secular evolution of the host galaxy (e.g., Kormendy & Kennicutt 2004) .
While the formation mechanism of nuclear rings is still under debate, it has been widely believed that the location of nuclear rings is directly linked to the resonance radii. For example, Combes (1996) suggested that a nuclear ring forms near the inner Lindblad resonance (ILR) when there is only one ILR, as the torque outside (inside) ILR drives gas inflows (outflows), making it pile up at the ILR. Similarly, the nuclear ring forms between the inner ILR (iILR) and outer ILR (oILR) when there are two ILRs. This idea of resonance-driven ring formation requires that the bar torque dominates the thermal and ram pressures of the gas both inside and outside the ILR. There are also some studies which link nuclear rings to the periodic orbits in the bar potential. Sellwood & Wilkinson (1993) and Sellwood (2014) suggested that the ring forms where orbits can be nested without intersecting each other. Regan & Teuben (2003 , 2004 argued that the ring formation is more deeply related to the existence of x 2 orbits rather than the Lindblad resonances. However, the resolution of previous simulations are not high enough to study the details of gaseous structures in the central region of the host galaxy, and the spatial resolution is very important to simulate the gas flow in barred galaxies (Sormani et al. 2015) .
More recently, Kim et al. (2012a) revisited the issue of the formation of substructures in bars using high-resolution simulations by varying the gas sound speed c s and the mass of the central black hole (M BH ). Kim et al. (2012a) found that in models with smaller c s , nuclear rings are narrower and located farther away from the center, while they become more spiral-like and boarder for larger c s . Kim et al. (2012b) ran a number of numerical simulations by varying mass and axial ratio of the bar to study the effect of the bar strength on nuclear ring formation. They found that nuclear rings form due to the centrifugal barrier that the inflowing gas along the dust lanes experiences. They showed that the ring size is in general smaller than the outermost ILR radius and is smaller for a stronger bar due to greater loss of angular momentum at the dust lanes, consistent with the observational results of Comerón et al. (2010) . These results imply that the location of the nuclear ring is not only determined by the galactic gravitational field which generates various resonance radii and orbital families, but also affected by the properties of the interstellar medium itself such as the sound speed and magnetic field (e.g., Kulpa-Dybełet al. 2011; Kim & Stone 2012) .
While the results of Kim et al. (2012b) are informative to understand why stronger bars host smaller nuclear rings, their models varied only the bar strength but fixed the other parameters such as the bar patten speed Ω b and the axisymmetric part of the central galactic potential. However, Ω b is one of the most important parameters of a bar. Ω b is related to the total angular momentum content of the gas relative to the bar and is likely to control the strength and curvature of dust-lane shocks (e.g. Sánchez-Menguiano et al. 2015) . The central galactic potential is thought to provide the centrifugal barrier for the inflowing gas. Both of these two parameters are expected to affect the ring size. In this paper, we extend the models of Kim et al. (2012b) to explore the dependence of the ring size upon both Ω b and the central galactic potential. To control the shape of the latter, we vary the bulge central density ρ bul and the M BH . We measure the size, location, and thickness of the nuclear rings and study their relationships with the galactic parameters. These systematic experiments will offer more clues to the physical explanation of nuclear ring formation. We also compare our numerical results with observations of barred galaxies.
We note a few drawbacks of our numerical models from the outset. First of all, we consider an infinitesimally-thin 2D gaseous disk embedded in a rigid stellar gravitational potential, which ignores the potential effects of vertical gas motions introduced by finite disk thickness and back-reaction of the gas to the stellar components. Second, we adopt an isothermal equation of state, which simplifies what is physically a much more complex, turbulent interstellar gas under radiative heating and cooling. Third, we neglect the gas self-gravity and star formation that occurs in high-density nuclear rings. As we discuss the caveats in Section 4.7, however, these approximations do not change our conclusions regarding the positions and shapes of nuclear rings significantly. This paper is organized as follows. In Section 2, we describe our galaxy models, model parameters, and the numerical method. In Section 3, we present the simulation results for models with different Ω b , ρ bul and M BH . We discuss the formation of nuclear rings and compare our simulation results with observations in Section 4. In Section 5, we conclude with a short summary of our results.
GALAXY MODELS AND NUMERICAL METHOD
We study how gas respond to an imposed non-axisymmetric bar potential using hydrodynamic simulations. The bar is assumed to rotate rigidly about the galaxy center with a fixed pattern speed Ω b = Ω bẑ . We solve the dynamical equations in the frame co-rotating with the bar in the z = 0 plane. The equations of ideal hydrodynamics in this rotating frame are
Here Σ and u denote the gas surface density and velocity, respectively. Equation (1) is the well-known continuity equation and Equation (2) is the momentum equation in corotating cylindrical polar coordinates. We use the grid-based MHD code Athena (Gardiner & Stone 2005; Stone et al. 2008; Price 2008; Stone & Gardiner 2009) in Cartesian geometry to integrate Equation (1) and (2). Athena utilizes a higher-order Godunov scheme that conserves mass and momentum within machine precisions. It also provides several different schemes for integration in time, spatial reconstruction, and solution of the Riemann problem. We take the van Leer algorithm with piecewise linear reconstruction and first-order flux correction. For the Riemann solver, we use the exact nonlinear solver for our hydrodynamic models. Our simulation domain is a square box with size L = 20 kpc in each direction. We set up a uniform Cartesian grid with 4096 × 4096 cells over |x|, |y| ≤ L/2. The corresponding grid spacing is ∆x = ∆y = 4.8 pc. These high-resolution runs are necessary to explore the properties of bar substructures in detail (see also Section 4.8). Different from previous studies, we do is plotted as a function of its Jacobi constant E J . Each calculated periodic orbit is given by a point and we have not joined orbits of the same family by a continuous curve. Red and blue dots represent stable and unstable orbits. Note that the x 2 orbital family is stable and extends along the x-axis from 0.270 to 1.835 kpc.
not impose a point symmetry relative to the galaxy center, thus allowing odd-m modes to grow in our models. We apply the outflow boundary conditions at the domain boundaries (i.e., at |x|, |y| = L/2). The outflow boundaries assume a zero gradient normal to the boundary for all flow variables except pressure. The solver extrapolates the required information from interior.
Equation (2) shows that there are three parameters that affect the simulation results. The first is the sound speed c s which effectively describes the thermal and turbulent properties of gas. The second parameter is the external galactic potential Φ ext . A different shape of the potential could affect gas flows significantly. The third parameter is the angular speed of the bar Ω b , which is assumed to be constant over the radius. The setup of these three parameters is discussed in detail in the following.
The real ISM is multiphase and turbulent, with temperatures differing by as much as a few orders of magnitude (e.g., Field, Goldsmith, & Habing 1969; McKee & Ostriker 1977 , 2007 . For simplicity, we treat the gaseous disk as being two-dimensional, isothermal, non-self-gravitating, and unmagnetized. The effects of c s , self-gravity and magnetic fields are systematically explored in Kim et al. (2012a,b) and Kim & Stone (2012) . In this paper we fix c s to be 8 km s
and set up an initially uniform gas disk with surface density Σ 0 = 10 M ⊙ pc −2 at all radii, which are adopted from previous studies (e.g., Athanassoula 1992b; Kim et al. 2012a ). Toomre's Q for our gas disk is ∼ 2 at all radii which means the disk is not strongly self-gravitating and is stable to the formation of spirals via gravitational instability.
The simulations setup for Φ ext is nearly identical to those in Kim et al. (2012a) . Here we briefly summarize our numerical models and highlight the differences between the current models and those of Kim et al. (2012a) . The gaseous disk is placed under a Φ ext consisting of four components: a KuzminToomre stellar disk (Kuzmin 1956 ), a modified Hubble stellar bulge, a Ferrers ellipsoid stellar bar (Ferrers 1887; Pfenniger 1984) , and a central BH represented by a Plummer sphere. We emphasize that a norminal dark matter halo component has not been included because the disk here acts as the dark matter halo to generate flat rotation curve for historical reasons (Athanassoula 1992b) , so that we can compare our work directly with previous studies. These idealized models are designed to isolate out the effects of the Ω b , ρ bul and M BH on the formation of nuclear rings.
To represent the elongated bar potential, we use an n = 1 inhomogeneous Ferrers prolate spheroid:
The bar central density ρ bar , major axis a and minor axis b of the bar are fixed at 4.47 × 10 8 M ⊙ kpc −3 , 5 kpc, and 2 kpc, respectively. This gives a bar axis ratio of 2.5 and a bar mass of 1.5 × 10 10 M ⊙ . The shape and mass of the bar are fixed for all of our models; their effects were investigated by Kim et al. (2012b) .
In addition to the bar, the bulge potential also affects the gas flow pattern and the ring size (e.g., Athanassoula 1992b). For the bulge potential, we take a modified Hubble profile:
where ρ bul and r b represent the bulge central density and scale length, respectively. Mazzuca et al. (2011) argued that the ring size is well correlated with the compactness C ≡ V 2 0 /R to , where R to is the turnover radius of the rotation curve that has a velocity V 0 for the flat(ter) part. Their results show that more compact (with smaller R to ) galaxies have smaller rings (see Section 4.5 for more details). To test this idea, it is necessary to consider models with different compactness values, which we control by varying ρ bul . Table 1 lists the model parameters and some of the simulations results. Column (1) gives the model names. Columns (2)-(4) list model parameters, Columns (6)-(9) exhibit nuclear ring radii along bar major and minor axes, and Column (10) defines the nuclear ring type (see Section 3). The first set of models in Table 1 explores the effects of Ω b , while the models in the second set adopt a different value of ρ bul . In the third set, we vary both Ω b and ρ bul . The last set varies M BH . Figure 1 plots the total circular rotation curves together with the contribution from each component for our canonical model O33C24B10 with Ω b = 33 km s −1 kpc −1 , ρ bul = 2.4 × 10 10 M ⊙ kpc −3 , and M BH = 1 × 10 7 M ⊙ . In order to avoid transients, we start with an axisymmetrized bar and the bar mass is linearly ramped up to its final maximum (Athanassoula 1992b; Kim et al. 2012a ). The typical time scale for bar growth here (i.e. T grow = 2π/Ω b ) is a few hundred Myr. We have experimented with different bar growth times and confirmed that the gas distribution at the end of the runs is not sensitive to the bar growth times, although different bar growth times may cause distinct initial transient gas flow patterns, similar to the results in Patsis & Athanassoula (2000) . All simulations are run for 5 bar revolution times, by which time the gas distribution has reached a quasi-steady state in the bar co-rotation frame.
3. SIMULATION RESULTS 
Characteristic diagram of the potential
We use characteristic diagrams to identify periodic orbital families in our galaxy models. The typical orbital families in a barred galaxy are x 1 , x 2 , and x 3 . The x 1 orbital family is the backbone of the bar, which is parallel to the bar Note. -Simulation parameters and the resulting nuclear ring radii. Col. (1) major axis; x 2 and x 3 are centrally concentrated and perpendicular to the bar major axis. Figure 2 plots the orbital energy Jacobi constant E J vs. the distance x where each orbit crosses the short axis of the bar. Each sequence of periodic orbital families generates a continuous curve, and each dot represents a periodic orbit. The x 2 and x 3 orbital families form a banana shape in this characteristic curve at small x, the while x 1 orbital family extends to a larger radius with a higher energy. The segment located between x = 0 and 0.3 inside x 2 (x 3 ) orbital family is the orbits generated by the BH. For the detailed shape of these orbits we refer the readers to Combes & Sanders (1981) , Contopoulos & Grosbøl (1989) , Athanassoula (1992a) , Sellwood & Wilkinson (1993) and Kim et al. (2012b) .
General evolution
Our canonical model O33C24B10 is nearly identical to the standard model in Kim et al. (2012a) except that c s is increased from 5 to 8 km s −1 , and they used CMHOG2 code in cylindrical geometry. The overall evolution of both models is very similar, despite the two codes being quite different, thus demonstrating that the simulation results are robust.
We briefly describe the gas evolution in our canonical model, which can also be seen in Figure 3 . At t = 0 Gyr, gas is distributed uniformly over the whole simulation domain. As the bar grows, gas begins to gather in ridges at the leading side of the bar. When the bar potential becomes strong enough, the ridges develop into sharp dust-lane shocks. These shocks are curved and thus prone to the wiggle instability that occurs due to accumulation of potential vorticity at the distorted shock fronts (Wada & Koda 2004; Kim et al. 2012a . Gas loses its angular momentum when it hits the dust-lane shocks, falling inward to form a nuclear ring at the position where the centrifugal force balances the gravity. Small dense clumps produced at the dust-lane shocks due to the wiggle instability also fall into the ring, making it fairly inhomogeneous (Kim et al. 2012a ).
The bisymmetric bar potential induces weak m = 2 perturbations in the central regions. The perturbed gas elements follow slightly elliptical orbits, forming spiral structures whose shape depends critically on the sign of d(Ω − κ/2)/dR, such that they are leading (trailing) where d(Ω − κ/2)/dR is positive (negative) (Combes 1996) . Here
2 )/dR denote the angular and epicyclic frequencies (Binney & Tremaine 2008) . In our models the nuclear spiral structures appear in the early time, with the shape similar to the previous simulations (e.g. Englmaier & Shlosman 2000; Maciejewski 2004a,b; Thakur et al. 2009 ). However, these nuclear spirals are destroyed later due to the interaction with nuclear rings. When t ≥ 600 Myr, the gas flow near the nuclear ring region reaches a quasi-steady state, although the dust-lane shocks and nuclear spirals decay slowly. These results are overall consistent with the previous low-resolution simulations with a point symmetry relative to the galaxy center (e.g., Athanassoula 1992b; Englmaier & Gerhard 1997; Regan & Teuben 2003) .
Evolution of other models with different Ω b and ρ bul is qualitatively similar except that nuclear rings are absent if Ω b is too large or ρ bul is too small. Figure 4 displays snapshots of gas surface density in logarithmic scale at t = 800 Myr from the third set of models in Table 1 . Note that a nuclear ring tends to be larger for smaller Ω b and/or larger ρ bul . We will explore this trend more quantitatively in the following sections.
Quantitative analysis of nuclear rings
Unlike nuclear spirals and dust lanes that decay over time, a nuclear ring is a robust feature that lasts for a long period of time. We run the canonical model up to 3 Gyr and confirm that the nuclear ring still persists, with its shape and size relatively unchanged. This holds true even when nuclear rings are subject to star formation and supernova feedback (Seo & Kim 2013 , 2014 , demonstrating that the lifetime of nuclear rings could be at Gyr timescale.
The nuclear rings in our simulations are roughly elliptical. Figure 5 plots the density cut profiles along the bar major and minor axes in the canonical model. In this paper we define a nuclear ring exists where the gas surface density exceeds 100 M ⊙ pc −2 , since the gas surface density in the nuclear ring region of real galaxies is between 100 to 1000 M ⊙ pc −2 (Kormendy & Kennicutt 2004) . The surface density in the nuclear ring region of our canonical model can be as high as 1500 M ⊙ pc −2 . Note that the nuclear ring is denser and narrower along the bar major axis than the minor axis, which is most likely due to the convergence of the outer x 2 orbits on the major axis (e.g. Regan & Teuben 2003) . The extent and thickness of the ring are shown by the arrows in Figure  5 . We then examine the relation between the size and shape of the nuclear ring and the galactic parameters discussed in Section 2. Table 1 lists inner and outer nuclear ring radii along bar major and minor axes in each simulation. Note that model O43C16B10 does not form a nuclear ring. The elliptical structure in the center of this model has a very low surface density, therefore it does not satisfy our nuclear ring definition (Σ ≥ 100 M ⊙ pc −2 ). Also there is no x 2 orbital family in this model.
For simplicity, we name the nuclear rings according to their morphology. That is, the rings whose shape is similar to the x 2 orbital family are named x 2 -type rings; these rings are almost round and slightly elongated along the bar minor axis. Several examples of x 2 -type rings can be seen in Figure 4 , such as models O33C24B10 and O43C40B10. For the nuclear rings highly elongated along the bar major axis which probably follow the x 1 orbital family, we name them x 1 -type rings (models O33C16B10 and O43C24B10). The definitions are the same as in Kim et al. (2012b) . The pattern speed Ω b is one of the most important bar parameters. We first study the relation between ring properties and Ω b in our models. We vary Ω b from 21 to 49 km s −1 kpc −1 , corresponding to the co-rotation resonance radius R CR = 1.91a to 0.96a 1 . Figure 6 plots the characteristic angular frequencies Ω − κ/2, Ω, and Ω + κ/2 along the bar major and minor axes by solid and dashed lines in these models, respectively. The middle horizontal dotted line represents our canonical model with Ω b = 33 km s −1 kpc −1 (R CR = 1.2a). Strictly speaking, the resonance radii that we have described are only valid for a weak non-axisymmetric perturbation. For the strong bars, this estimation of the resonance radii by the linear perturbation theory is only indicative. The bar strength parameter for the canonical model is 0.242 as a reference (Q b is same for all models in the first set of Table 1 ), which corresponds to a strong bar 2 .
1 While Ω b higher than 47 km s −1 kpc −1 corresponds to R CR /a less than unity, which is not self-consistent due to the fact that no x 1 stellar orbits (which are the backbones of the bar) can extend beyond the co-rotation radius (Contopoulos 1980) , these high Ω b models are included to study the effect of Ω b in a systematic way.
2 Q b is defined as the maximal ratio of the tangential force (mainly due to the non-axisymmetric bar potential) to the azimuthally-averaged radial force in Φext (e.g., Combes & Sanders 1981; Laurikainen et al. 2004; Comerón et al. 2010 ). We also calculate the x 2 orbital family in these models. The extent of the x 2 orbital family may be used to generalize the concept of an ILR to finite amplitude perturbations. However, van Albada & Sanders (1982) found that there are strong bars with no x 2 orbital family, although ILRs still exist as predicted by the epicyclic theory. Therefore the existence of an ILR is a necessary but insufficient condition for the existence of the x 2 orbital family. Figure 7 gives the size and thickness of the rings as a function of Ω b in our first set of simulations. In the upper panel, the black solid lines draw the radii of the oILR and iILR, while the green lines mark the radii of the outermost and innermost x 2 orbits along the bar minor axis. Note that the shape of nuclear rings depends on Ω b . For 21 km s −1 kpc −1 < Ω b < 41 km s −1 kpc −1 (1.07a < R CR < 1.91a), the nuclear rings are almost circular but slightly elongated along the bar minor axis, so they are x 2 -type rings. The size and thickness of these nuclear rings along the bar minor (blue arrows) and major axis (red arrows) follow nearly a linear relation with Ω b , such that a higher Ω b gives a narrower and smaller ring. For these nuclear rings, the upper ends of the blue arrows are higher than those of the red arrows, with an ellipticity 3 of ǫ ring ∼ 0.1-0.3 at the outer boundary. The lower ends of the blue and red arrows are very close to each other, indicating the inner boundary of these rings is nearly circular. The observed ring ellipticities are less than 0.4 as reported by Comerón et al. (2010) and Mazzuca et al. (2011) , which means our numerical results are consistent with observations. The variation of nuclear ring thickness also shows a trend that the absolute 3 The ring ellipticity is defined as ǫ ring = 1 − br/ar, where ar and br are the semi-major and semi-minor axes of the ring. ring thickness decreases with increasing Ω b , but the trend is reversed with respect to the normalized ring thickness (the ratio of ring thickness to ring radius). We further explain and discuss these trends in Section 4.2.
When Ω b ≥ 41 km s −1 kpc −1 , the rings suddenly become very elongated along the bar major axis, which can be seen by the large separation between the red and blue arrows (thus these are x 1 -type rings). However, x 1 -type rings are almost never seen in observations (e.g., Comerón et al. 2010) . According to this figure, we conclude that x 2 -type rings can only exist in our models when Ω b ≤ Ω b,crit = 41 km s Figure 6 ). Therefore the correlation between Ω b and x 2 -type nuclear ring size is not affected by the number of the ILRs, which may imply that reading ILR directly off the frequency curves is not accurate and does not give accurate informa- tion on the ring position, as we cautioned earlier. We remark that Ω b,crit = 41 km s −1 kpc −1 found here is valid only for our current set of model parameters: the critical patten speed depends on the bar and galaxy parameters (for more discussions see Section 3.5 and 4). Figure 7 also shows that the allowed radial range for the x 2 orbits follows nicely with the location of the ILRs. The formation of an x 1 -type ring is due to the limit set by the innermost x 2 orbit. If the bar drives gas flow inward to a radius that is smaller than the innermost x 2 orbit, then there are no stable x 2 orbits to support the inflow gas. Therefore the gas would instead follow the x 1 orbital family to remain quasisteady, since its orbital energy is higher than that of the x 2 orbital family for a given angular momentum and it extends all the way to the center (see Figure 2) . We see that in Figure  4 and 7, all x 1 -type rings are well inside the innermost x 2 orbit along the bar minor axis. This may explain why there is a break for the trend of nuclear ring sizes on Figure 7 . We will elaborate further on this point in Section 4.
The torque exerted on the gas by the bar
We try to explain why higher Ω b models tend to have smaller rings. The non-axisymmetric bar potential produces shocks in the gas flows that would otherwise follow galaxy rotation. Owing to a larger velocity relative to the bar potential, shocks are stronger in models with relatively smaller Ω b . Stronger shocks due to the bar potential tend to form farther downstream from the potential minimum, i.e., the bar major axis (Hopkins & Quataert 2011) , analogous to the cases of spiral shocks (Kim & Ostriker 2002 Gittins & Clarke 2004; ). In Figure 8 we plot the absolute value of (r × F) for our canonical Ferrers bar model, where F is the gravitational force due to the bar. The white ellipse represents the bar outline. We see that the maxima of |r × F| occur near the inner edge of the bar. In Figure 9 we plot the gas surface density Σ and the corresponding bar torque Σ|r × F| on gas at t = 80 Myr for models with 3 different Ω b (27, 37, 41 km s −1 kpc −1 ) 4 . The model with a higher Ω b produces overdense ridges with a smaller offset from the bar major axis. In Figure 9 we see that dust-lane shocks in models with high Ω b tend to be located in the regions where the nonaxisymmetric bar torque is larger, while those in models with low Ω b are located in the regions with smaller bar torque. This result means that the gas in higher Ω b models experiences a stronger bar torque.
Lower Ω b models form larger rings because the gas loses less angular momentum due both to shocks and to the bar torque. On the other hand, models with a relatively lower Ω b have stronger shocks, but these models still apparently lose less angular momentum in total (also see discussions in Section 4.2). This suggests that the bar torque may play a more important role in removing angular momentum than the shocks. We will study the process of the angular momentum removal in greater depth in the future.
Varying central density
The bulge component defines the Hubble sequence of the host disk galaxy, and it plays an important role in secular evolution. N-body simulations further suggest that the bulge and bar can also interact with each other (e.g., Athanassoula 2002; Shen & Sellwood 2004) . Therefore, the influence of bulge mass or bulge type/profile on the gas flow in barred galaxies should also be considered. In this study we experiment with the impact of the bulge central density ρ bul on nuclear rings. We vary ρ bul from 1.2 × 10 10 to 4.0 × 10 10 M ⊙ kpc −3 . In order to keep the total mass of the bulge within 10 kpc constant (M bul within 10 kpc is fixed to 3.37 × 10 10 M ⊙ , which is about 36% of the total bulge+bar mass within 10 kpc), the scale length of bulge R b is changed accordingly from 0.467 kpc to 0.306 kpc, with smaller R b corresponding to a more concentrated bulge. The variation of ρ bul and R b barely affects the bar strength, giving Q b = 0.246 for model O33C12B10 and Q b = 0.234 for model O33C40B10. Figure 10 shows the frequency curves in these models. Different ρ bul generates a different number of resonances, similar to the case of varying Ω b . In Figure 11 we show the variations of the ring size and thickness with ρ bul . Again, the black solid lines indicate the location of the oILR and iILR. The ring type depends not only on Ω b but also on ρ bul . We find that lower ρ bul prefers x 1 -type rings and higher ρ bul tends to form larger x 2 -type rings with a critical bulge central density of ρ bul,crit = 1.8 × 10 10 M ⊙ kpc −3 . This result suggests that we need a relatively massive and concentrated bulge to support the formation of x 2 -type rings, which is consistent with previous simulation results (e.g., Athanassoula 1992b; Regan & Teuben 2003) . According to the critical model (O33C18B10), if the enclosed bulge mass at 1 kpc is less than ∼ 15% of the total enclosed mass at 5 kpc, then it is hard to form an x 2 -type ring. The absolute thickness of nuclear rings is not sensitive to ρ bul , both along the bar major and minor axis. In fact the absolute thickness exhibits a slightly negative correlation with ρ bul , as shown in the middle panel of Figure 11 . The normalized ring thickness shows a slightly stronger negative correction with ρ bul . These correlations may be examined with future observations. The correlation of ρ bul with the nuclear ring size becomes flat on the high ρ bul end, which may imply that ρ bul higher Figure 9 . Gas surface density Σ (upper panels) and the corresponding bar torque Σ|r × F| on the gas (lower panels) for 3 different Ω b models (27, 37, 41 km s −1 kpc −1 ). The white ellipse denotes the bar outline. We see that dust-lane shocks (overdense ridges) in models with high Ω b tend to be located in the regions where the non-axisymmetric bar torque is large. This means that gas in higher Ω b models experiences a larger bar torque compared to those in lower Ω b models, leading to higher angular momentum loss in gas. Frequency curves for models O33C12B10 (blue) and O33C40B10 (black). Similar to Figure 6 , the solid and dashed lines represent Ω − κ/2 (leftmost curves), Ω (middle curves), and Ω + κ/2 (rightmost curves) along bar major and minor axes. When we change ρ bul , we also modify the scale length of bulge to keep the total mass within 10 kpc constant, so that different ρ bul only affects the central region (R < ∼ 2 kpc). The horizontal dotted blue line corresponds to Ω b = 33 km s −1 kpc −1 for these models. Note that ρ bul changes the number of ILRs. than 4.0 × 10 10 M ⊙ kpc −3 generates nuclear rings similar to that in model O33C40B10. We conclude that x 2 -type rings can only exist in our models when ρ bul > ρ bul,crit = 1. (Figure 4) , and the critical value of Ω b can be higher with higher ρ bul than ρ bul,crit . Again we see that the correlation between ρ bul and x 2 -type ring size is not affected by the number of iILRs either, which may be also due to the inaccurate estimation of resonances for a strong bar. The innermost and outermost x 2 orbits are plotted as green lines in Figure 11 . The break between the x 1 -and x 2 -type rings here is still due to the boundary set by the innermost x 2 orbit. If we decrease ρ bul below ρ bul,crit , the x 2 orbits can no longer exist as the center is not dense enough. The radius of the innermost x 2 orbit increases with decreasing ρ bul , and an x 1 -type ring may form when the gas falls inside the innermost x 2 orbit. Kim et al. (2012a) has demonstrated that adding a massive BH does not greatly affect the shape and size of x 2 -type rings, so we investigate the influence of the BH in those galaxies with x 1 -type rings. We use models O45C24B10, O45C24B100 and O45C24B400 together to demonstrate our results. Figure 12 shows that model O45C24B10 forms an x 1 -type ring with outer semi-major and semi-minor axes of 600 pc and 150 pc. The gas forms an x 2 -type ring with an averaged radius of ∼ 200 pc in model O45C24B100 and of ∼ 500 pc in model O45C24B400. The corresponding frequency curves and density distributions of these three models are shown in Figure 12 . We emphasize that the BHs here are unrealistically massive; in real galaxies the mass of the BH is about ∼ 0.15 − 0.5% of the bulge mass M bul accord- ing to the M BH − M bul relation (e.g., Magorrian et al. 1998; Gültekin et al. 2009; Kormendy & Ho 2013) . The bulge mass within 2 kpc here is 4.65 × 10 9 M ⊙ so that the BH should have a mass similar to 1 − 3 × 10 7 M ⊙ . Since we use a much more massive BH than 0.5%M bul , the "BH" actually acts as another ultra-compact bulge in practice.
Effects of a massive central "black hole"
Still, our "BH" potential dominates only the very inner part in the galaxy, as revealed in Figure 1 and 12(d) . The main difference among these models with different M BH is the presence/absence of an iILR (or innermost x 2 orbit). By removing the iILR, models O45C24B100 and O45C24B400 produce x 2 -type rings, indicating that the formation of x 1 -type rings may be related to the presence of an iILR or the existence of an innermost x 2 orbit, consistent with previous results. However, varying the mass of the "BH" barely changes the location of oILR, as shown in Figure 12(d) . This result shows that one can generate quite different nuclear rings while keeping oILR unchanged, which is a counter-example to the simulations in Sheth et al. (2000) who found that the radius of the nuclear ring was proportional to the radius of the oILR. Therefore at least in some situations the size of nuclear rings does not rely only on the location of oILR. Combining with the results of the last subsection, we conclude that the locations of x 2 -type rings may not be well predicted by the ILRs directly read off the frequency curves, which is similar to the findings in van de Chang (2009) and Piñol-Ferrer et al. (2014) . Figure 12 shows that a central "BH" with proper mass could help to form ultra-compact nuclear rings (R ring /a ≤ 0.1).
We have shown previously that in order to form an x 2 -type ring in the central part, we need x 2 orbits to extend all the way to the center (in other words, we need the radius of the innermost x 2 orbit to be as small as possible). This can be achieved by a massive "BH" potential. As we see in Figure  12 , a massive "BH" removes the inner boundary of the x 2 orbital family. In such a galactic potential we could form tiny x 2 -type rings without worrying about the formation of x 1 -type rings.
4. DISCUSSION 
The formation mechanism of nuclear rings
The explanation for the formation of a nuclear ring is still under debate. It has often been argued that the location of a nuclear ring should be linked to the ILRs, since between the co-rotation radius and ILRs the potential drives mass inward (Combes 1996) . However, at exactly which radius (relative to the ILRs) a nuclear ring forms is still not well understood. As Equation (2) suggests, the gas flow is not only determined by the external gravitational field Φ ext and the pattern speed Ω b , which govern all the resonances, but also affected by the sound speed c s . Kim et al. (2012a) have shown that a larger c s tends to yield a smaller nuclear ring, as larger thermal pressure bends the gas streamlines more strongly, inducing stronger dust-lane shocks and causing a larger amount of angular momentum loss. This implies a more fundamental interpretation, which does not rely only on resonances, is needed to explain the formation of nuclear rings.
We propose that there are three conditions to form a roundish x 2 -type ring. First, the galaxy needs to have enough gas that can lose angular momentum in the center. This may explain why gaseous nuclear rings are rare in early type disk galaxies, as they may have run out of gas (e.g., Knapen 2005) . Second, the x 2 orbital family should exist in the galaxy, as it is the backbone of the nuclear ring. Third, exactly where the ring settles is determined by the interplay of the residual angular momentum of the gas after interacting with the potential which is governed by gas dynamics, and the radial distribution of centrifugal force (or x 2 orbits) which is determined by the mass distribution of the galaxy. We explain the third point in more detail below.
To estimate the total angular momentum removal of gas, we simplify the problem with some assumptions. We assume that the gas around the bar end R bar 5 is nearly unperturbed at the beginning and on nearly circular orbits. After the impact of shocks and the bar torque, gas loses angular momentum and flows inward, producing a ring-like structure at R ring . The gas in the nuclear ring also follows nearly circular motions. Kim et al. (2012a,b) showed that a nuclear ring forms where the centrifugal force of the inflowing gas balances the gravity for models with fixed Ω b and ρ bul . To see if this is also the case for models varying Ω b and ρ bul , we define the normalized at t = 950 Myr, and (d) the corresponding frequency curves. In (a), the white ovals plot the innermost and outermost x 2 orbits. In (b) and (c), only the outermost x 2 orbit is given, since the x 2 orbits extend to the center due to a massive "BH". In (d), the red, blue and black curves give κ − Ω/2 for models with O45C24B10, O45C24B100, and O45C24B400, respectively. The horizontal dotted blue line marks Ω b = 45 km s −1 kpc −1 for these models. Note that it is very hard to identify whether the nuclear structure in panel (b) and (c) is an x 2 -type ring or a pair of tightly-wound nuclear spirals.
centrifugal force relative to the bar end at R = R bar as
Here F(R) is the centrifugal force at radius R, F bar is the centrifugal force at R = R bar , and v bar is the circular velocity at R = R bar which is read off the rotation curve. Suppose that the rotation curve is nearly flat with a constant velocity V 0 6 , then the centrifugal force at the nuclear ring radius 6 The assumption of flat rotation curve is indeed simplified, but not critical to our argument. Actually most x 2 -type roundish rings settle on the ris-
ring , while the angular momentum loss is
The more angular momentum loss ∆L there is, the larger F is; therefore, F may serve as a rough proxy of ∆L. The total angular momentum removal during the evolution is reflected by the normalized cening part of the rotation curve. Without loss of generality, we can assume that the velocity at R is v(R) ∝ R α , thus allowing one to easily show that
A rotation curve generally rises from nearly solid-body rotation, then declines smoothly to the flat(ter) outer part. If α < 0.5, F(R) is a monotonically decreasing function of R, and ∆L is still positively correlated with F as shown in Figure 13 and the discussions therein. trifugal force on the nuclear ring f ring ≡ f (R ring ) = F ring /F bar , where
2 /R ring . F ring correlates with the amount of angular momentum loss ∆L due to shocks and the bar torque, and F bar is a normalizing constant.
To study the distribution of the centrifugal force, we plot the profile of f (R) along bar minor axis in Figure 13 . The black squares in panel (a) and (b) are the x 2 -type ring radii along bar minor axis from Figure 7 and 11. As we assume that gas follows circular motions inside the nuclear ring, those squares should lie on the curves plotted depending on how small the rings are. The dashed lines fit (and extrapolate) the squares.
We denote R peak as the radius where f (R) is peaked, as indicated by the black arrow in Figure 13 (a). Since f (R) ∝ R 2α−1 for v(R) ∝ R α , R peak separates the steeply rising inner part of the rotation curve (α > 0.5) and the more slowly rising part in transition to the flat(ter) outer region (α < 0.5), but it is not identical to the turnover radius of the rotation curve, R to (usually loosely defined as where α becomes 0).
Note that all the roundish rings are positioned to the right side of R peak , i.e. at the decreasing part of the f (R) curves, indicating that a smaller x 2 -type ring loses more angular momentum and has a larger f ring . We also see that the smallest x 2 -type ring is close to R peak . Since the potential does not provide enough centrifugal force for the gas in circular motions at R < R peak , one cannot generate x 2 -type rings smaller than our critical model (i.e., O41C24B10 and O33C18B10) simply by increasing Ω b or decreasing ρ bul . This is more evident in Figure 13(b) where the blue and red curves represent the models with x 2 -and x 1 -type rings, respectively. An x 2 -type ring cannot form when the dashed line does not intersect with the curve of f (R) before R peak . When a more massive "BH" is added, on the other hand, it raises the inner part of f (R) and provides a sufficient centrifugal force barrier for an x 2 -type ring at radii that would otherwise form an x 1 -type ring (see Figure 12) . If the centrifugal force is insufficient to support the circular motion, then the gas changes its orbits to eccentric ones as it still has non-zero angular momentum (therefore an x 1 -type ring). This is an alternative explanation for Figure  11 in Kim et al. (2012b) where they argue that x 1 -type rings formed due to the velocity of gas are too high to settle on the x 2 orbital family, and is also an alternative explanation for the x 2 orbit extent theory we discussed in Section 3. This explanation is simpler as we do not need to compute orbits.
Qualitative explanation for the trends of nuclear ring
size and thickness Here we attempt a qualitative physical explanation for the trends of nuclear ring size and thickness (Figure 7 and 11) . The reason that low Ω b simulations form larger rings is because gas loses less angular momentum compared with high Ω b runs, as the bar torque is weaker in low Ω b simulations than the high Ω b ones. For low Ω b simulations, the bar growth time is larger and the gas response time is longer for slow bars; the gas crossing the shock region at later times loses more angular momentum than gas at earlier times as the shocks and bar torque become stronger with time. Thus the nuclear ring is more spatially extended in simulations with a low Ω b simulation than high Ω b .
High ρ bul simulations also have sightly smaller gas response time since they have more mass in the central part, so higher ρ bul simulations result in slightly narrower rings. Since the bar strength of these simulations is nearly the same, i.e. f ring is almost constant, the purple dashed line is almost horizontal as is seen in panel (b) of Figure 13 . High ρ bul simulations could form larger nuclear rings at a larger radius since they provide the "required" centrifugal force barrier first, as gas flows inward from outer part to the center and intersects first with the curves provided by higher ρ bul . We emphasize that the angular momentum loss in different ρ bul simulations is nearly the same, making f ring nearly constant for this set of simulations in which the bulge is only an axisymmetric component. The open black squares represent the non-self-gravitating models from Kim et al. (2012b) , the symbols give the mean values averaged over t = 0.3-1.0 Gyr, while error bars represent the standard deviations. The star symbols and filled triangles are from Comerón et al. (2010) and Mazzuca et al. (2011) , respectively. Yellow stars stand for the nuclear rings in double barred galaxies from Erwin (2004) and blue stars are single barred or unbarred galaxies (for unbarred galaxies Q b is Qg which is defined in the same way). The Q b measured in the unbarred galaxies is defined in the same way but is mainly contributed by the strong spiral arms or oval disks (see Comerón et al. 2010) . The red line with arrows on both ends indicates the range of the nuclear ring size in our models, with the largest ring generated from model O21C24B10 and the smallest ring generated from model O45C24B100.
4.3.
Relations between ILRs and x 2 orbits As van Albada & Sanders (1982) suggested, the existence and extent of the x 2 orbital family can be used to generalize the concept of an ILR for strong bars. We do see that the trends of the x 2 orbital family and ILRs follow each other closely in Figure 7 and 11. We suggest that the innermost and outermost x 2 orbits represent the idea of the iILR and oILR, respectively, and that they are more accurate than the linear perturbation theory for strong bars. Although knowing the location of resonances (or x 2 orbits) is insufficient to pin down the exact location of the nuclear ring, it is still informative to constrain the ring size. The exact location should be determined by the third condition discussed above.
An Empirical relation between f ring and bar parameters
The dashed lines in Figure 13 indicate the extrapolation of ring locations with their "required" centrifugal force barrier to form an x 2 -type ring. These lines that fit our numerical results are given by f (R ring ) = −5.23(R ring / kpc) + 10.46 for varying Ω b , (7) and f (R ring ) = −0.04(R ring / kpc) + 7.09 for varying ρ bul . (8) Based on the discussion above, f ring correlates with the total angular momentum removal due to the bar potential, which should be a function of Q b , a/b, and R CR /a, but less sensitive to ρ bul as Figure 13(b) demonstrates. The reason is that the first three parameters influence the shock formation and angular momentum loss, while ρ bul just affects the angular momentum distribution in the inner part.
For an external galaxy with a bar, a nuclear ring and a welldefined rotation curve, we can simply compute f ring by Equation (6) as we know the location of the ring and where the bar ends. Q b or a/b can be derived from the near-IR images of the galaxy (e.g. Comerón et al. 2010) . Q b , a/b, and R CR /a all contribute to gas angular momentum removal, which is reflected by f ring (Section 4.1). If we find a correlation between f ring and these bar parameters, we can put some constraints on the bar pattern speed R CR /a for real galaxies. We explore the relation between f ring and Q b , a/b, and R CR /a in a follow-up paper, and apply it to a sample of observed rings (Li, Shen & Kim 2015, in preparation) . We also suggest that since nuclear rings may not tightly correlate with the resonance radii read directly off the frequency curves, f ring would be quite useful to study the properties of real galaxies that contain nuclear rings.
Comparison with observational results
Observations show that almost all the nuclear rings are roundish (i.e. x 2 -type), and they appear to be located close to R to (e.g., Buta & Combes 1996; Piñol-Ferrer et al. 2014 , some example galaxies are NGC1097, NGC7217, NGC5728, NGC1512, NGC1068, NGC3504, and ESO 565-11). Our numerical results are consistent with observations as most of the x 2 -type rings in the simulations are within 0.5 − 1.0 kpc, comparable to R to at ∼ 1.5 kpc.
Furthermore, R peak is where the rise of the inner rotation curve becomes shallower than R 0.5 since f (R) ∝ R 2α−1 , and R to is where α becomes 0 as shown in Section 4.1. R peak is closely related to, but smaller than R to 7 . Strictly speaking, we argue that the site of the smallest roundish ring is constrained by R peak instead of R to , as shown in Figure 13 . Mazzuca et al. (2011) recently measured the ring radii for a sample of 13 barred/unbarred galaxies that contain starforming nuclear rings. They argued that the ring size is anticorrelated with the compactness C ≡ V 2 0 /R to of the galaxy, where V 0 is the velocity at the flat(ter) part of the rotation curve. Their results show that more compact (with smaller R to ) galaxies have a smaller ring. This result seems inconsistent with our simulations at first glance. First of all, if we treat the slope of the initial steeply rising component of the rotation curve (which is proportional to the central density of the galaxy ρ 0 ) as the true compactness, C should be defined as C ′ ≡ V 2 0 /R 2 to instead, but we find that it still follows a negative correlation with the ring size even with this updated definition. The range of C in our models is from C ∼ 2.96 × 10 4 (km s −1 ) 2 kpc −1 (model O33C12B10) to C ∼ 1.08 × 10 5 (km s −1 ) 2 kpc −1 (model O33C40B10), comparable to the range covered by their sample. The discrepancy is probably because their sample is well-controlled. The galaxies in Mazzuca et al. (2011) exhibit a positive correlation between C and Q b , as well as an obvious negative correlation between the ring thickness and C, whereas Q b is nearly constant in our Figure 11 . The anti-correlation between C and R ring in their results may simply be a reflection of a more in-trinsic negative correlation between R ring and Q b , as suggested by Kim et al. (2012b) . Figure 14 updates the comparison of the results from Comerón et al. (2010) (star symbols) with simulation results (squares with error-bars) from Kim et al. (2012b) on the R ring /a-Q b plane. There are two main changes in this figure compared to Kim et al. (2012b) . First, we divide the sample into single barred/unbarred galaxies 8 (blue stars) and double barred galaxies (yellow stars) according to the catalog in Erwin (2004) . If a secondary bar can further drive gas in the nuclear ring to the central part (e.g. Shlosman et al. 1989) , one may then expect that the yellow stars should be systematically lower than the blue stars. However, we observe no major difference between the blue stars and yellow stars, suggesting that secondary bars may not further drive gas flow inward, similar to the results in Maciejewski et al. (2002) . Second, we plot the maximum and minimum sizes of the nuclear rings formed in our simulations as shown by the red line segment with arrows on both ends. The results imply that for a fixed bar strength, the size of nuclear rings can still vary by a factor of ∼ 3, which is controlled by Ω b , ρ bul and M BH , as discussed in the present paper.
A single bar potential is unlikely to explain ultra compact nuclear rings (R ring /a less than 0.1). We suggest the magnetic field might play an important role in such compact rings since the magnetic field of equipartition strength with the thermal energy could make the ring size smaller by a factor of ∼ 2 (Kim & Stone 2012) . In addition, a larger effective sound speed can make the rings smaller (Kim et al. 2012a) , and an extremely compact center (such as the "BH" we use) can also generate compact rings, like in the model O45C24B100.
4.6. Why x 1 -type rings are rare in Nature? Almost all nuclear rings that have been observed are x 2 -type, which may indicate that in real galaxies the bar does not rotate too rapidly and the central density is dense enough. These two conditions are not difficult to achieve. First, there is a natural upper limit for bar pattern speed (R CR /a ≥ 1), as the bar supporting orbits cannot extend beyond the co-rotation radius. Since bars can interact with bulges and dark matter halos by exchanging angular momentum, the bar pattern speed can decrease with time as predicted by several N-body simulations (e.g., Debattista & Sellwood 2000; Athanassoula 2003) . Second, the bar can also drive gas to the center, gradually resulting in an even denser center. The absence of x 1 -type rings may be the result of a self-regulated process in Nature.
Limitations of this work
In this work, we explore only the dynamical effects of Ω b and ρ bul on the properties of nuclear rings. The self-gravity of gas does not make a significant effect on the ring position which is the main focus of the current work, since the gravitational force due to the self-gravity in the radial direction becomes zero at the ring (or more precisely, at the radius near the middle of the ring where the potential reaches a minimum). According to Kim et al. (2012b) , turning on gas selfgravity may make the ring about 5% − 10% larger for an initially uniform gas disk. We also double-checked that includ-ing self-gravity in our models tends to make the ring denser and clumpier, but the ring size changes little.
There are also some other unaccounted physical mechanisms that may affect the angular momentum loss of the gas and may increase the scatter of ring sizes. A strong magnetic field makes the ring rounder and smaller by about 20% (Kim & Stone 2012) . Sound speed, star-formation and feedback may also play a role in the angular momentum transfer of gas, which could complicate the formation of nuclear rings further.
Here we use a 2D model to study the gas dynamics, but the thin-disk approximation may not be valid at small R (of order of disk scale height, about a few hundred parsec). When the vertical degree of freedom is considered, the gas would exhibit motions along the vertical direction, mixing fluid elements at different heights. Since the vertical velocities, which are at sonic levels at best, would be much smaller than the in-plane velocities induced by the bar, however, finite disk thickness is not expected to change the ring positions much. Therefore, our 2D models can be viewed as the first-order approximation to what are more realistic 3D models. A similarity between 2D and 3D results can also be found by comparing the morphologies of a ring and dust lanes in 3D SPH simulations (Figure 1 of Kim et al. 2011) with those in our current 2D simulations. Note that their 3D simulations have included self-gravity, gas cooling and heating, and supernova feedback.
It is worth emphasizing that the aim in this study is not to attempt perfect realism, but rather to understand the physical mechanism of nuclear ring formation under some given, albeit imperfect, conditions of gas.
Resolution effects
Very recently, Sormani et al. (2015) studied gas flow patterns under a bar potential, using a numerical setup similar to ours. Using a different grid-based code developed by van Albada & Sanders (1982) , they found that the size of nuclear ring formed in their simulations decreases systematically with increasing grid resolution, although their results appear not to be converged at their highest resolution (about 0.4% of the bar size). Motivated by their results, we have made a convergence test by running two additional models with 1024 × 1024 and 2048 × 2048 cells for our fiducial set of parameters. The corresponding grid spacing is ∆x = 19.2 pc and 9.6 pc, which are about 0.4% and 0.2% of the bar size. Figure 15 compares the snapshots of gas surface density at t=800 Myr from the additional models as well as our standard model with ∆x = 4.8 pc. Although the ring is more widely distributed in a lower-resolution model, the averaged ring radius is 620 pc, 593 pc, 590 pc for models with ∆x = 19.2, 9.6, 4.8 pc, respectively, indicating that the nuclear ring size is almost the same for the last two resolutions. This confirms that our numerical results presented in the paper are not affected by resolution.
CONCLUSION
The main results of the present work are summarized as follows:
1. Nuclear rings in hydrodynamical simulations -Nuclear ring regions are usually composed of high-density gas and massive young stars. In our numerical simulations as gas passes through the dust-lane shocks, it loses angular momentum, flows inward, and forms a nuclear ring where the centrifugal force balances the gravity. Nuclear rings are relatively Figure 15 . Convergence test for the resolution effects. The three panels show the gas density at t = 800 Myr for the canonical model with grid spacing of 19.2 pc, 9.6 pc, and 4.8 pc from left to right, which corresponds to 0.4%, 0.2%, and 0.1% of the bar size. The white ellipse denotes the bar outline.
long-lived and do not vary their shape much over time, thus they should be a good indicator to study gas morphology and galaxy properties.
2. Effects of galactic parameters on nuclear ring sizeIn this paper we focus on studying the effects of varying bar pattern speed Ω b , bulge central density ρ bul , and black hole mass M BH . The nuclear rings formed in our simulation can be divided into two groups: x 2 -type rings which are nearly round, and x 1 -type rings which are highly elongated along the bar major axis. We find that the size and thickness of x 2 -type rings are tightly correlated with the galactic properties we varied. Galaxies with low Ω b tend to form large and thick x 2 -type rings, while galaxies with high ρ bul form large but thin x 2 -type rings. A "BH" could help to form x 2 -type rings by removing the iILR or the innermost x 2 orbits. These correlations may be examined in future observations. 3. Nuclear ring formation mechanism -Observations show that nuclear rings seem to be preferably located near the turnover radius R to of the galaxies. We suggest that the smallest x 2 -type ring forms near R peak where the normalized centrifugal force f (R) reaches its local maximum. R peak is related to, but smaller than R to . We explain the transition of an x 2 -type ring to an x 1 -type ring is due to the distribution of the centrifugal force in the inner part or the presence of the innermost x 2 orbit (or iILR). Although all x 2 -type nuclear rings in our simulations seem to be located well in the range of x 2 orbits (or ILRs), knowing the resonance radii is insufficient to pin down the exact location of these nuclear rings. We suggest that an x 2 -type nuclear ring forms exactly at the radius where the residual angular momentum of infalling gas balances the centrifugal force, which can be described by a parameter f ring computed from rotation curves. f ring can also be used to predict the nuclear ring size since it serves as a rough proxy of the total angular momentum removal of gas, and should be a function of bar strength Q b , bar axis ratio a/b and bar pattern speed R CR /a. This will be carefully studied in a follow-up study.
